The 3 × 1 generalized Jones vectors (GJVs) ½ E x E y E z t (t indicates the transpose) that describe the linear, circular, and elliptical polarization states of an arbitrary three-dimensional (3-D) monochromatic light field are determined in terms of the geometrical parameters of the 3-D vibration of the time-harmonic electric field. In three dimensions, there are as many distinct linear polarization states as there are points on the surface of a hemisphere, and the number of distinct 3-D circular polarization states equals that of all two-dimensional (2-D) polarization states on the Poincaré sphere, of which only two are circular states. The subset of 3-D polarization states that results from the superposition of three mutually orthogonal x, y, and z field components of equal amplitude is considered as a function of their relative phases. Interesting contours of equal ellipticity and equal inclination of the normal to the polarization ellipse with respect to the x axis are obtained in 2-D phase space. Finally, the 3 × 3 generalized Jones calculus, in which elastic scattering (e.g., by a nano-object in the near field) is characterized by the 3-D linear transformation E s ¼ T E i , is briefly introduced. In such a matrix transformation, E i and E s are the 3 × 1 GJVs of the incident and scattered waves and T is the 3 × 3 generalized Jones matrix of the scatterer at a given frequency and for given directions of incidence and scattering.
INTRODUCTION
A monochromatic light beam traveling in the z direction in free space or a homogeneous optically isotropic medium is essentially transverse electromagnetic (E z ≈ 0) if the beam diameter D (a measure of its lateral confinement in the xy plane) is ≫ the wavelength λ (see, e.g., [1] ). The polarization of such a beam is described by a 2 × 1 Jones vector ½ E x E y t (t indicates the transpose) whose elements E x and E y are complex numbers or phasors that represent the oscillating mutually orthogonal x and y transverse components of the electric fieldẼ. More concisely, the state of polarization is represented by the complex number χ ¼ E y =E x or the corresponding point on the Poincaré sphere that is related to the complex χ plane by a stereographic projection [2, 3] .
However, if a Gaussian laser beam is brought to a narrow focus by a lens of high numerical aperture, the beam diameter D in the focal region becomes comparable to λ and the electric field can no longer be considered transverse or two dimensional. Furthermore, if the light beam incident on the convergent lens is apodized and radially polarized, the longitudinal component E z can become dominant [4, 5] .
Three-dimensional (3-D) polarization states (PSs) are also encountered in transverse-magnetic guided waves [6] , evanescent waves [7, 8] , and in near-field and nano-optics [7, 9] . It is apparent that 3-D PSs have to be described by 3 × 1 generalized Jones vectors (GJVs): ½ E x E y E z t . For a time-harmonic or monochromatic light field of given angular frequency ω, to which this paper is confined, the locus of the tip of the electric vector at any point in space is in general elliptic [3, 10] . Statistical or coherence properties of 3-D PSs of quasi-monochromatic light fields have been the subject of recent theoretical analysis [11, 12] .
In Section 2 we identify all possible linear, circular, and elliptical states in three dimensions and derive expressions for their respective GJVs. In Section 3 we consider the subset of 3-D PSs obtained by the superposition of three mutually orthogonal x, y, and z oscillating components of the electric field of equal amplitudes as functions of their relative phases. Section 4 gives an example of a 3 × 3 Jones matrix that relates the GJVs of the incident and evanescent refracted light in total internal reflection. Finally, Section 5 gives a brief summary of the paper.
GENERALIZED JONES VECTORS OF 3-D LINEAR, CIRCULAR, AND ELLIPTICAL POLARIZATION STATES
A. Linear States Figure 1 shows a right-handed xyz Cartesian coordinate system with origin at an arbitrary point in the optical field and a unit sphere of radius r ¼ 1. Each linear polarization (LP) state is uniquely specified by a radial line through the origin along which the electric fieldẼ is oscillating. A unit vectorn along the vibration direction is determined by the zenith and azimuth angles ðθ; ϕÞ of spherical coordinates. Apart from a complex multiplier ae jδ that accounts for an overall amplitude and absolute phase, the Cartesian GJV of a LP state is given by
Recall that the time-dependent electric field is given by Re½ae jδ E LP e jωt . Also note that replacing ðθ; ϕÞ by ðπ − θ; ϕ þ πÞ in the right-hand side of Eq. To determine the GJV of a CP state, we define a reference coordinate axes x 0 y 0 in the orbital plane as follows. The x 0 axis is the line of intersection of the GC with the equator (perpendicular to the ϕ ¼ constant plane ofẑ 0 ,ẑ) and is inclined with respect to the x axis by an angle ϕ 0 ¼ ϕ − 90°. The unit vector x 0 along the x 0 axis is given bŷ
The orthogonal unit vectorŷ 0 in the orbital plane is obtained by the cross productn ×x 0 . From Eqs. (1) and (2), one obtainŝ
The time-dependent electric field that represents a CP state with unit normaln is given by ðcos ωtÞx 0 þ ðsin ωtÞŷ 0 ; the corresponding complex vector in the x 0 y 0 plane is
Upon substitution of the unit vectorsx 0 ,ŷ 0 from Eqs. (2) and (3) into Eq. (4), one gets
Apart from a complex multiplier ae jδ that adjusts the overall amplitude and phase, Eq. (5) gives the GJV of a CP state with unit normalnðθ; ϕÞ. For example, the GJV of the CP in the xy plane withn ¼ẑ is obtained by substituting θ ¼ 0 in Eq. (5) to give E CP ¼ exp½jðϕ − π=2Þ ½ 1 −j 0 t , where ϕ is an arbitrary phase angle.
C. Elliptical States
An elliptic polarization (EP) state in the x 0 y 0 plane with unit normalẑ 0 ¼nðθ; ϕÞ, major-axis orientation angle ψ (0 ≤ ψ < π measured from the x 0 direction around the z 0 axis), and ellipticity angle ε (0 < ε ¼ arctanðb=aÞ < π=4, where a and b are the semimajor and semiminor axes of the polarization ellipse) is described by the complex vector
Equation (6) follows from Eq. (1.75) of [3] by replacing θ by ψ and j by −j. Upon substitution of the unit vectorsx 0 ,ŷ 0 from Eqs. (2) and (3) into Eq. (6), we obtain
E x ¼ cos εðsin ϕ cos ψ þ cos θ cos ϕ sin ψÞ þ j sin εðsin ϕ sin ψ − cos θ cos ϕ cos ψÞ; E y ¼ − cos εðcos ϕ cos ψ − cos θ sin ϕ sin ψÞ − j sin εðcos ϕ sin ψ þ cos θ sin ϕ cos ψÞ;
Apart from a complex multiplier ae jδ that accounts for an overall amplitude and phase, Eqs. (7) give the GJV of an EP state with unit normalnðθ; ϕÞ and orientation and ellipticity angles ðψ; εÞ of the polarization ellipse in its orbital plane. Equations (7) are important in that they provide the 3-D GJV in terms of the four geometric parameters ðθ; ϕ; ψ; εÞ of the general 3-D EP state. There is one-to-one correspondence between distinct 3-D PSs of a monochromatic light field and points in the region of the four-dimensional parameter space of ðθ; ϕ; ψ; εÞ, which is specified by the limits that have been set for these variables. Also, note that CP states are recovered from Eqs. (7) by setting ε ¼ π=4. Likewise, all LP states (of variable orientation ψ in the x 0 y 0 plane) that are orthogonal to a given LP state or directionẑ 0 ¼nðθ; ϕÞ are obtained by substituting ε ¼ 0 in Eqs. (7): Fig. 1 . Right-handed xyz Cartesian coordinate system and the unit sphere of radius r ¼ 1. A LP state is specified by a radial line through the origin with the zenith and azimuth angles ðθ; ϕÞ of spherical coordinates. A CP state is represented by a great circle with a normal unit vectorẑ 0 ¼nðθ; ϕÞ and sense of rotation related ton by the righthand rule. An EP state is specified by the unit vectorẑ 0 ¼nðθ; ϕÞ normal to the x 0 y 0 orbital plane and the orientation and ellipticity angles ψ, ε of the ellipse (not shown) in that plane.
The reader can readily verify that the dot product of the two vectors in Eqs. (1) and (8) 
POLARIZATION STATES OBTAINED BY THE SUPERPOSITION OF THREE MUTUALLY ORTHOGONAL LINEAR COMPONENTS OF EQUAL AMPLITUDE
Interest in the generation and possible application of such PSs has been expressed recently [4] . There is no loss of generality if we take all amplitudes ¼ 1 and assign zero phase to the x component. Therefore, the time-dependent electric-field components are written as
The phase angles δ y , δ z assume values in the ranges
The squared magnitude of the electric vectorẼ of Eqs. (9) is
Alternatively, Eq. (10) can be rewritten as
A. 3-D Polarization States of Equal Ellipticity
From Eqs. (12), the squared semimajor and semiminor axes of the polarization ellipse are given by
The ellipticity or axial ratio e ¼ b=a of the 3-D polarization ellipse is determined by C only:
From Eqs. (11) and (12), C is obtained as a function of the phase angles δ y , δ z :
LP states (jẼ j min ¼ 0) correspond to C ¼ 1:5, whereas CP states (jẼ j min ¼ jẼj max ) correspond to C ¼ 0 as is evident from Eqs. (13) . Therefore, 2C 2 of Eq. (15) occupies the full range from 0 to 4.5. The 3-D CP state C1 with unit normaln 1 ¼ ð1; 1; 1Þ= ffiffi ffi 3 p corresponds to ðδ y ; δ z Þ ¼ ð−2π=3; 2π=3Þ ¼ ð−120°; 120°Þ. For this CP state, the triad of phasors E x , E y , and E z that represent the three oscillating Cartesian components is a balanced (zerosum) three-phase set in the complex plane, as shown in Fig. 4 . This is reminiscent of the balanced set of ac voltages in threephase power systems [13] . Note that, if the phasors E y and E z are interchanged, the CP state C2 of opposite handedness and unit normaln 2 ¼ −n 1 is obtained. In Appendix A we show how these CP states can be obtained directly from Eq. (5).
B. Unit Vector Normal to the Plane of the Polarization
The unit vectorn normal to the orbital plane of the polarization ellipse is determined bŷ
From Eqs. (16) and (17) we get
The inclination angle α of the unit normaln with respect to the positive x axis is given by cos α ¼n:x Figure 5 shows constant-α contours in the δ y δ z plane for discrete values of cos α from −0:8 to 0.8 in steps of 0.1. To facilitate understanding of this figure, we provide the following details.
1. For LP states ðδ y ; δ z Þ ¼ ð0; 0Þ, ð0; AEπÞ, ðAEπ; 0Þ, and ðAEπ; AEπÞ, the unit vectorn and cos α are indeterminate according to Eq. (18), which reduces ton ¼0=0.
2. Equation (19) shows that cos α ¼ 0, α ¼ 90°(i.e.,n is in the yz coordinate plane) when δ y − δ z ¼ 0; AEπ. The corresponding PSs are represented by the three diagonal lines with slope ¼ 1. 
GENERALIZED 3 × 3 JONES MATRICES
By straightforward extension of the 2 × 2 Jones calculus [3] , elastic scattering, e.g., by a nano-object in the near field, is characterized by the linear transformation
in which E i and E s are the 3 × 1 GJVs of the incident and scattered waves and T is the 3 × 3 generalized Jones matrix (GJM) of the scatterer at a given frequency and for given incidence and scattering directions.
There is a scarcity of theoretical or experimental examples in which the 3 × 3 generalized Jones calculus, implied by Eq. (21), has been put to use. Therefore, it will suffice here to take the case of evanescent refraction that accompanies total internal reflection (TIR) at the planar interface between two dielectric media [7] [8] [9] . For an arbitrary polarization of the incident plane wave in the denser medium (with both p and s components present), the polarization of the evanescent field in the rarer medium is three dimensional. Here we adopt the e jωt time dependence, the Nebraska-Muller conventions [3, 14] , and the xyz coordinate system shown in Fig. 6 . The GJVs of the incident (i) and evanescent (e) waves are written as
In Eq. (22), E ip and E is are the phasors that represent the pand s-polarized components of incident light and ϕ is the angle of incidence that exceeds the critical angle of TIR. Application of boundary conditions to the normal (x) and tangential (y and z) components of the electric field at the dielectric-dielectric interface leads to a diagonal 3 × 3 GJM with nonzero elements given by
In Eqs. (24), N is the high-to-low refractive-index ratio of the two dielectrics, and r p , r s are the interface Fresnel coefficients of TIR that are pure phase factors:
Expressions for δ p , δ s in terms of N, ϕ are available elsewhere (e.g., [15] ).
SUMMARY
GJVs that describe all possible 3-D linear, circular, and elliptic polarization states of monochromatic light in the near field are given by Eqs. (1), (5), and (7), respectively, in terms of four angles ðθ; ϕ; ψ; εÞ that describe the 3-D vibration of the electric field. The subset of 3-D polarization states that are obtained by the superposition of three mutually orthogonal linear components of equal amplitude are also considered as a function of their relative phase angles δ y ; δ z (δ x ¼ 0). Contours of constant ellipticity e in the 2-D δ y ; δ z phase space are shown in Figs. 2 and 3 . Furthermore, contours of constant inclination angle α of the normal to the plane of the polarization ellipse with respect to the x axis appear in Fig. 4 . A 3 × 3 generalized Jones calculus is briefly introduced in Section 4 with reference to the 3-D evanescent field generated in TIR. We hope this paper will encourage further work on the development and application of the 3 × 3 Jones calculus in near-field optics and electromagnetics. Potential applications of 3-D polarization states include polarization-dependent interaction of light with arbitrarily oriented anisotropic nanoparticles (e.g., Au nanorods), fluorescent imaging, single-molecule detection, and optical microscopy, as has been suggested recently [4, 16] .
